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Review Problems: By Popular Demand!

You asked for it, so here it is – one final set of cumulative review problems!

Problem One: Impossible Problems
Here's some more practice with impossible problems:

i. Let L₁ = {⟨M⟩ | M is a TM that never rejects its input}. Prove that L₁ is not an RE language.

ii. Prove or disprove: L₁ ∈ co-RE.

We're commonly asked whether any language involving TMs is undecidable. Here's a language in-
volving TMs that actually is decidable. Let L₂ = { ⟨M, w⟩ | M accepts w within 1,000 steps }.

iii. Briefly justify why L₂ ∈ R.

Since L₂ ∈ R, we can build the following machine M:

M = “On input w:
(1) Have M get its own encoding ⟨M⟩.
(2) Decide whether M accepts w within 1,000 steps.
(3) If so, M rejects w.
(4) If not, M accepts w.”

This machine can't be paradoxical because L₂ is indeed decidable.

iv. Prove that steps (1) and (2), collectively, must take at least 1,000 steps to complete.

Your result from (iv) is interesting – it shows that L₂ is decidable, but that there is some hard limit to
how quickly it can be decided!

Problem Two: NTMs and Verifiers
This question explores the connection between NP, R, and RE by looking at the verifier and NTM
definitions of those classes.

i. Using the verifier definition of NP, justify why NP ⊆ R.

ii. We can characterize class R as the set of problems for which there's a decider and class RE
as the set of problems for which there's a verifier. Explain why if there is a decider for a lan-
guage, there must also be a verifier for it.



2 / 2

Problem Three: Cardinality
Cardinality is counterintuitive... sometimes.

i. Prove that if A and B are any sets, then |A × B| = |B × A|.

ii. Prove that |ATM| = |Σ*|. (Hint: Use the Cantor-Bernstein-Schröeder theorem.)

Problem Four: The Pigeonhole Principle
Suppose that every point in the real plane is colored one of two different colors. Prove that for any
length d > 0, there is some isoceles triangle in the real plane where each corner of the triangle is the
same color and at least one of the sides of the triangle has length exactly d. (An isoceles triangle is
one where at least two sides have the same length.)

Problem Five: Context-Free Grammars
This question explores closure properties of CFLs.

i. Show that the context-free languages are closed under union, concatenation, and Kleene star.

ii. The context-free languages are not closed under complementation, even though every regular
language is a context-free language and the regular languages are closed under complementa-
tion. Explain how this is possible.

Problem Six: DFAs and NFAs
Here's some true-or-false questions to ponder:

i. True or false: If D is a DFA over alphabet Σ and D has no accepting states, then ℒ(D) = Ø.

ii. True or false: If D is a DFA over alphabet Σ and D has no rejecting states, then ℒ(D) = Σ*.

iii. True or false: If N is an NFA over alphabet Σ and N has no accepting states, then ℒ(N) = Ø.

iv. True or false: If N is an NFA over alphabet Σ and N has no rejecting states, then ℒ(N) = Σ*.

Let Σ = {a, b, c, d, e} and let L be the following language:

L = { w ∈ Σ* | every character from Σ appears at least once in w }

Any DFA for L must have at least 32 states (you don't need to prove this.)

v. Though it's much harder to prove this, every NFA for L must also have at least 32 states. Ex-
plain, intuitively, why nondeterminism doesn't help reduce the number of states here.

vi. Prove that any DFA for L must have at least 32 states.

vii.Design a reasonably-sized NFA for L. This shows that even if you can't find a small NFA for
a language, you might be able to find a small NFA for its complement.


